Abstract. A Banach space Z is not reflexive if and only if there exist a closed separable subspace X of Z and a convex closed subset Q of X with empty interior which contains translates of all compact sets in X. If, moreover, Z is separable, then it is possible to put X = Z.
We consider the following problem: When does a Banach space contain a closed convex set Q with empty interior which contains a translate of any compact set in X? The basic example of such a Banach space is the space C(K) of continuous functions on a compact infinite space K. Indeed, it is enough to choose a point p ∈ K which is not isolated and define Q as the set of all functions in C(K) which attain their minima at p. Since p is not isolated, Q has empty interior. If K is a compact subset of C(K), then by the Banach-Dieudonné theorem [3] there exists a sequence {f n } of functions in C(K) converging to zero such that K is contained in its closed convex hull. If we define the function g by g(t) := sup{|f n (t) − f n (p)| : n ∈ N } for t ∈ K, then it is easy to check that g is continuous and each function g + f n is in Q. Consequently, since Q is convex, the translate g + K is contained in Q.
If a Banach space Z can be mapped linearly onto a Banach space X containing the required set Q, then Z also contains such a set. Namely, by the open mapping theorem, it is enough to take the preimage of Q. Therefore, for example, 1 contains the required set because it can be mapped onto any separable Banach space, in particular, C [0, 1] .
In this note we show that, in fact, any separable nonreflexive Banach space X contains a closed convex set with empty interior which contains a translate of any compact set in X.
Borwein and Noll observed in [1] that there exist a convex continuous function on the space c 0 of null sequences and a closed subset Q of c 0 which is not a Haar null set so that f fails to be Fréchet differentiable on Q. They define f as the distance from the positive cone Q := {{x n } ∈ c 0 ; x n ≥ 0, n = 1, 2, . . . }. As Q has no interior points, f fails to be Fréchet differentiable at all points of Q. The set Q contains a translate of any compact set in c 0 , and, therefore, for any probability Borel measure µ on c 0 there exists some x ∈ c 0 such that µ(Q + x) > 0. Consequently, Q is not Haar null (for the definition see [2] ). They conjecture in [1] that also in 2 there exists a closed convex set C with empty interior which contains a translate of any compact set. We show that this is not the case in any reflexive Banach space, but on the other hand every nonreflexive Banach space has a closed subspace containing such a set.
By B X we denote the open unit ball of a Banach space X, and B X (x, r) is the usual notation for the open ball with center x and diameter r; the subscript will be often omitted. We denote the closure of a set A byĀ or clA.
We will make use of the following variation of the Banach-Dieudonné theorem: Let X be a Banach space, K a compact subset of B X (0, c) and E a dense subset of B X (0, 2c). Then there exists a sequence {F n } of finite sets in E so that
This follows from the fact that there exist a sequence {F n } of finite sets in E and a sequence of compact sets {K n } inB X (0, c) so that
is a compact subset ofB(0, c) and
Now we can continue by induction. Suppose that F i and K i for i = 1, . . . , n so that (2) holds have been already constructed. Choosing F n+1 ⊂ E so that 2 −1 F n+1 is a c 2 -net for the set K n and defining
completes the proof. The following lemmata are possibly not the most efficient way to our main result, but we think that they may be of independent interest. We can suppose by replacing f by −f and adding a constant, if necessary, that
Choose some ε > 0 so that 0 < f(v) < f(z 0 ) + α/2 for every v ∈ Z for which v − z 0 < ε. Clearly the interior of the cone cap
is nonempty. Let some x z,t ∈ M be given, we will show that x z,t ∈ G. Consider the function
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The function g is continuous, g(t) > 0, and g(1) < 0. Therefore, there exists some r ∈ (t, 1) for which g(r) = 0. Hence, x z,r is contained in the graph of f and since
We say that a convex subset Q of a Banach space X is spanning if it contains a line segment in every direction, that is X = t>0 t(Q − Q). Observe that if a convex set Q contains a translate of every finite subset of the unit ball, then Q is spanning. If Q contains translates of all compact sets in X (or, for that matter, of all line segments), then
Lemma 2. Suppose that X is a Banach space and Q ⊆ X is a bounded, closed and convex set with empty interior that is also spanning. Then for any compact subset
K of X it follows that Q + K also has empty interior.
Proof. First, we show that Q ∩ H is nowhere dense in H if H is any closed hyperplane. Suppose that x * = 0, w ∈ H = {x * = a}, δ > 0 and
Choose some y ∈ X such that x * , y > 0. Since Q is spanning there exist t > 0, u and v, both in Q, so that t(u−v) = y. It follows that x * , u−v > 0 and one of u or v, say u, is not in H. It is routine to check that the convex hull of {u}∪(B(w, δ)∩H) has an interior point relative to X (try 1 2 (u + w)) which contradicts the fact that Q has no interior. Suppose that H ⊆ X is a closed hyperplane, u ∈ X, x / ∈ H and suppose that h * ∈ H * . Then the set {y + h * , y x+ u : y ∈ H} is a hyperplane in X and the transformation y → y + h * , y x + u is an affine homeomorphism. If x ∈ X, then the set Q = Q + [−x, x] is also bounded, closed, convex and spanning. We will show that it has empty interior. Suppose that the interior of Q is nonempty. Then x = 0; choose x * ∈ X * so that x * , x > 0. Let P be the projection on X whose image is the kernel H of x * and whose kernel is the span of x. The open mapping theorem says that P (Q) = P (Q ) has nonempty interior in H. Suppose that w ∈ H, δ > 0 and
It is easy to see that f is bounded and convex, hence continuous. The mapping (z, t) → z + tx is an isomorphism from H × R onto X which maps the graph of f onto the set {z + f (t)x : z ∈ B(w, δ) ∩ H} ⊂ Q. Because Q has empty interior, Lemma 1 implies that f must be affine, and we shall show that this leads to a contradiction. Since it is defined on an open convex subset of H, there exists an h * ∈ H * and a real number
and this means that Q contains a relatively open subset of a hyperplane, which is a contradiction. By induction, given x 1 , x 2 , . . . , x n ∈ X we have that
has no interior point. The case of an arbitrary compact set K can be verified by an application of (1). We give a few details. Suppose the interior of Q + K is nonempty. By translating Q + K if necessary we can suppose that B(0, r) ⊂ Q + K for some r > 0. Choose a sequence {F n } of finite subsets of a ball in X so that (1) holds. Choose n 0 ∈ N so that
Because the interior of the closed and convex set
To see this choose a point y ∈ B(0, r/4) \ Q 0 and x * in the unit sphere of X * which separates y from Q 0 , namely r/4 ≥ x * , y ≥ x * , u for any u ∈ Q 0 . Choose x ∈ B(0, r) so that x * , x > 3r/4. Then v = x satisfies the required inequality. From (3) and (4) follows that
which is a contradiction.
With the hypothesis above, observe that if T : X → Y is a surjective linear operator with finite-dimensional kernel F , then T (Q) is a bounded, closed and convex set with empty interior that is also spanning; this is because T −1 (T (X)) = Q + F is a first category set.
In connection with the next theorem observe that the positive cone of 2 is a closed convex set with empty interior which contains a translate of any finite subset F of 2 . (Indeed, if for x = {x n } ∈ 2 we define x − = {x − n } so that x − n = −x n if x n < 0 and x − n = 0 otherwise, then the set F + x∈F x − is contained in the positive cone.) However, as we will see later, because 2 is reflexive it does not contain a closed convex set with empty interior containing a translate of every compact set. Hence the boundedness hypothesis in (iv) of the next theorem is needed.
Theorem 3. Let X be a Banach space. Then the following are equivalent : (i) there exists a convex and closed subset Q of X with empty interior which contains translates of all compact sets in X;
i.e. whenever K is a compact subset of X there exists x K ∈ X so that K + x K ⊂ Q; (ii) there exists a convex and closed subset P of X with empty interior such that if K is a compact subset of the unit ball of X, then there exists x K ∈ X so that K + x K ⊂ P ; (iii) there exists a convex, closed and bounded subset C of X with empty interior such that if K is a compact subset of the unit ball of X, then there exists x K ∈ X so that K + x K ⊂ C; and (iv) there exist a dense subset E of the unit ball of X and a convex, closed and bounded subset D of X with empty interior so that whenever F is a finite set contained in E, there exists x F ∈ X so that F + x F ⊂ D.
Proof. Clearly (i) implies (ii). To prove that (ii) implies (iii)
, it is enough to show that there exists 1 ≥ r > 0 and c > 0 so that for any compact set K ⊂B(0, r) there exist z K ∈ B(0, c) so that K + z K ⊂ P , for then we may define
For a contradiction, suppose that for every n ∈ N there exists a compact set K n ⊂B(0, 1/n) so that
The set K is a compact subset of the unit ball, hence there exists z ∈ X such that K + z ⊂ P . Because K n ⊂ K for n ∈ N , we have z ≥ n for all n, which is nonsense.
Let us show now that (iii) implies (i). We can suppose that zero is not contained in C and define
The set Q is convex and contains translates of all compact sets in X. To show that Q is closed, let z ∈ X, x n ∈ C and λ n ≥ 0 such that lim n→∞ λ n x n = z be given. Because the sequence {x n } is bounded away from zero, the sequence {λ n } is bounded, and consequently it has a converging subsequence λ n k → λ ≥ 0. If λ = 0, then from the boundedness of C it follows that z = 0 ∈ Q. Otherwise the sequence {x n k } converges to z/λ. Because C is closed we get that z = lim k→∞ λ n k x n k = z ∈ λC. Finally, let us show that the set Q has empty interior. Choose some z ∈ C. The setC := C + [−z, 0] is closed and convex, and because C is spanningC has empty interior by Lemma 2. Since
it follows from the Baire theorem that the interior of Q is empty.
Clearly (iii) implies (iv), so let us show that the opposite implication also holds. Let K be a compact subset of B X (0, 2 −1 ). We will show that K can be translated into D. Then C := 2D will satisfy (iii). Let {F n } be a sequence of finite sets in E so that (1) holds. Choose z n ∈ X so that z n + F n ⊂ D. Because D is bounded, the sequence {z n } is bounded. If we define z :
where the last inclusion follows from the fact that D is convex and closed.
It should be remarked here that from the proof of equivalence of (i) and (iii) of the previous theorem it follows that if a Banach space X contains a closed and convex set with empty interior containing the translates of all compacts, then X contains a closed and convex cone Q with empty interior which contains the translates of all compacts. Proof. By Theorem 3 there exists a convex closed bounded subset C of Z with empty interior which contains translates of all compact subsets of B Z . Using induction we construct an increasing sequence {X n } of closed separable subspaces of Z. Define X 1 := Y and choose a dense countable subset S 1 of the unit ball of X 1 . Choose a countable set T 1 ⊂ Z such that whenever F is a finite subset of
T n and C n for some n ∈ N have been already constructed. Define
and choose a countable dense subset S n+1 ⊃ S n of the unit ball of X n+1 . Choose a countable set T n+1 ⊂ Z such that whenever F is a finite subset of
The set E := ∞ n=1 S n is dense inB X and from the construction it follows that any finite set contained in E can be translated into D. The set D is closed and convex, and it has empty interior because
An application of Theorem 3 completes the proof.
The following lemma is essentially due to James [4] .
Lemma 5. Let X be a nonreflexive Banach space. Then there exists a sequence {x n } in the unit ball of X and ε > 0 so that for any finite-dimensional subspace Y of X there exists n ∈ N so that
Proof. The unit ballB X of X is not weakly compact, therefore by the GantmacherSmulyan theorem [3] there exists a decreasing sequence {C n } of nonempty, closed and convex subsets ofB X such that ∞ n=1 C n = ∅. We will show that there exist ε > 0 and a decreasing sequence of convex nonempty sets {D n } so that D n ⊂ C n for n ∈ N and for any compact set K ⊂ X there exists m ∈ N such that
Suppose for a contradiction that the required sequence {D n } does not exist. Let C 1,n := C n for n ∈ N . There exists a compact convex set K 1 so that
Let C 2,n := C 1,n ∩ (K 1 + B(0, 2 −1 )) for n ∈ N . In general, if the sequence {C k,n } and the compact convex set K k have been already constructed, define
and choose a compact convex set K k+1 so that
Then C k+1,n ⊂ C k,n , and by induction C k,n+1 ⊂ C k,n . In particular if we define G n := C n,n , then the sequence {G n } is decreasing, G n ⊂ C n and
Choose some y n ∈ G n . The sequence {y n } has a finite δ-net for any δ > 0. Therefore it has a converging subsequence. The limit point of this subsequence is contained in ∞ n=1 C n , which is a contradiction. Now that we have shown the existence of the sequence {D n }, to finish the proof simply choose any x n ∈ D n . 
Proof. To show that (i) implies (ii) choose any separable nonreflexive subspace X of Z; such a space exists by the Eberlein-Smulyan theorem. If Z is separable let X := Z. Choose an increasing sequence {X n } of finite-dimensional subspaces of X so that X = License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
